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The work is devoted to the construction of the asymptotic behavior
of the solution of a singularly perturbed system of equations of
parabolic type, in the case when the limit equation has a regular
singularity as the small parameter tends to zero. The asymptotics
of the solution of such problems contains boundary layer functions.
1. Introduction and summary
We consider the first boundary-value problem for a system of singularly
perturbed parabolic equations
(1.1) Lεu ≡ (ε+ t)∂tu− ε2A(x)∂2xu−D(t)u = f(x, t), (x, t) ∈ Ω
u(x, 0, ε) = h(x), u(0, t, ε) = u(1, t, ε) = 0,
where Ω = (0, 1) × (0, T ], ε > 0 is small parameter, u = u(x, t, ε) =
col(u1(x, t, ε), u2(x, t, ε), ..., un(x, t, ε)), A(x) ∈ C∞([0, 1],Cn2 ),
D(t) ∈ C∞([0, T ],Cn2), f(x, t) ∈ C∞(Ω¯,Cn).
The work is a continuation of [1], where instead of the matrix - func-
tion A(x) there was a scalar function and an asymptotic of the solution was
constructed containing two functions describing the boundary layers along
x = 0 and x = 1. In this case, the asymptotics contains 2m parabolic bound-
ary layer functions describing the boundary layers along x = 0 and x = 1.
Construction of the asymptotic solution of a singularly perturbed system
of parabolic equations is devoted works [2] - [5]. In [2], a regularized asymp-
totic is constructed in the case when the matrix of coefficients for the desired
function has zero multiple eigenvalue. A similar problem was studied in [3]
and an asymptotic of the boundary layer type was constructed. The method
of boundary functions in [4] studied the bisingular problem for systems of
parabolic equations, which is characterized by the presence of nonsmoothness
of the asymptotic terms and a singular dependence on a small parameter. In
[5] - [6], various problems for split systems of two equations of parabolic type
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were studied, and asymptotics of the boundary layer type were constructed.
The problems of differential equations of parabolic type with a small pa-
rameter were studied in [7]-[9]. In [10]-[13], numerical methods for solving
singularly perturbed problems are studied.
2. Statement of the problem
We consider the first boundary-value problem (1.1).
The problem is solved under the following assumptions:
1) For n is dimensional vector-valued functions f(x, t) and h(x) per-
formed inclusions
f(x, t) ∈ C∞(Ω¯,Cn), h(x) ∈ C∞([0, 1],Cn),
for n× n are matrix-valued functions D(t) and A(x) inclusion
D(t) ∈ C∞([0, T ],Cn×n), A(x) ∈ C∞([0, 1],Cn×n);
2) The real parts of all roots λi(x)λ, i = 1, n, of the equation det(A(x) −
λE) = 0 are positive and λi(x) 6= λj(x) for all x ∈ [0, 1], if i 6= j, i, j = 1, n;
3) The real parts of the eigenvalues βj(t), j = 1, n of the matrix D(t) are
not positive, i.e. Re(βj(t)) ≤ 0 and βi(0) 6= βj(t) ∀t ∈ [0, T ], i 6= j, i, j =
1, n;
4) Completed the conditions of approval the initial and boundary condi-
tions h(0) = h(1) = 0.
3. Regularization of the problem
Following [1, p.316; 5, p.18], we introduce regularizing variables
(3.1) ξi,l =
ϕi,l(x)√
ε3
;ϕi,l(x) = (−1)l−1
∫ x
l−1
ds√
λi(s)
, l = 1, 2, i = 1, n,
τ =
1
ε
ln(
t+ ε
ε
), µj = βj(0)ln(
t+ ε
ε
) ≡ Kj(t, ε), j = 1, n,
and an extended function such that
u˜(M,ε)|ξ=ϕ(x)/ε ≡ u(x, t, ε), M = (x, t, ξ, τ, µ), ξ = (ξ1, ξ2),
(3.2) ξl = (ξ1,l, ξ2,l, ..., ξn,l), ϕ(x) = (ϕ1(x), ϕ2(x)),
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ϕl(x) = (ϕ1,l, ϕ2,l(x), ..., ϕn,l(x)), l = 1, 2, µ = (µ1, µ2, ..., µn).
Based on (3.1), we find the derivatives from (3.2):
∂tu ≡

∂tu˜+ 1
ε(t+ ε)
∂τ u˜+
n∑
j=1
βj(0)
t+ ε
∂µj u˜

 |θ=χ(x,t,ε),
∂xu ≡
(
∂xu˜+
2∑
l=1
n∑
i=1
[
1√
ε3
ϕ´i,l(x)∂ξi,lu˜
])
|ξ=ϕ(x)/√ε3 ,
∂2xu ≡
(
∂2xu˜+
2∑
l=1
n∑
i=1
[
1
ε3
(ϕ´i,l(x))
2∂2ξi,l u˜+
1√
ε3
L
ξ
i,lu˜
])
|ξ=ϕ(x)/√ε3 ,
L
ξ
τ,lu˜ = 2ϕ
′
i,l(x)∂
2
xξi,l u˜+ ϕ
′′
i,l(x)∂ξi,l u˜, χ(x, t, ε) =
(
ϕ(x)√
ε3
,
1
ε
ln(
t+ ε
ε
),K(t, ε)
)
,
ϕ = (ϕ1, ϕ2), ϕl = (ϕ1,l, ϕ2,l, ..., ϕn,l)
K(t, ε) = (K1(t, ε),K2(t, ε), ...,Kn(t, ε)) , θ = (τ, µ).
According to these calculations, as well as (??) and (3.2), we pose the
following extended problem:
(3.3) L˜εu˜ ≡ ε∂tu˜+ 1
ε
T0u˜+ T1u˜−
√
εLξu˜− ε2Lxu˜ = f(x, t),
u˜|t=0 = h(x), u˜|x=0,ξi,1=0 = u˜|x=1,ξi,2=0 = 0, i = 1, n,
T0u˜ = ∂τ u˜−
2∑
l=1
n∑
i=1
(
ϕ
′
i,l(x)
)2
A(x)∂2ξi,l u˜, T1u˜ = t∂tu˜+
∞∑
j=1
βj(0)∂µj u˜−D(t)u˜,
Lξu˜ =
2∑
l=1
n∑
i=1
A(x)Lξi,lu˜, Lxu˜ = A(x)∂
2
xu˜.
In this case, the identity holds:
(3.4)
(
L˜εu˜(M,ε)
)
θ=χ(x,t,ε)
≡ Lεu(x, t, ε).
The solution to the extended problem (3.3) will be defined as a series:
(3.5) u˜(M,ε) =
∞∑
k=0
εk/2uk(M).
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Substituting (3.5) into problem (3.3) and equating the coefficients for
the same powers of P, we obtain the following equations:
(3.6) T0u0 = 0, T0u1 = 0, T0u2 = f(x, t)− T1u0, T0u3 = Lξu0 − T1u1,
T0uk = Lξuk−3 + Lxuk−6 − ∂tuk−4 − T1uk−2.
The initial and boundary conditions for them are set in the form:
(3.7) u0|t=τ=µ=0 = h(x), uk(M)|t=µ=τ=0 = 0,
uk(M)|x=l−1,ξi,l=0 = 0, k ≥ 1, i = 1, n, l = 1, 2.
4. Solvability of iterative problems
Each of problems (3.6) has innumerable solutions; therefore, we single out
a class of functions in which these problems were uniquely solvable. We
introduce the following function classes:
U1 =
{
V (x, t) : V (x, t) =
n∑
i=1
vi(x, t)ψi(t), vi(x, t) ∈ C∞(Ω¯)
}
,
U2 =
{
Y (N) : Y (N) =
2∑
l=1
n∑
i=1
yli(N
l
i )bi(x),
∣∣∣yli(N li )∣∣∣ < c exp
(
−ξi,l
8τ
)}
,
U3 =

C(x, t) : C(x, t) =
n∑
i=1

 n∑
j=1
cij(x, t) exp(µj) + pi(x)

ψi(t), cij(x, t) ∈ C∞(Ω¯)

 ,
U4 =

Z(N) : Z(N) =
2∑
l=1
n∑
i,j=1
zli,j(N
l
i )bi(x) exp(µj),
∣∣∣zli,j(N li )∣∣∣ < c exp
(
−ξ
2
i,l
8τ
)
 ,
where N li = (x, t, ξi,l, τ, µi), i = 1, 2, ..., n, l = 1, 2. From these classes of
functions we construct a new class as a direct sum:
U = U1 ⊕ U2 ⊕ U3 ⊕ U4.
The function uk(M) ∈ U is representable in vector form:
uk(M) = Ψ(t)
[
Vk(x, t) + C
k(x, t) exp(µ)
]
+
✐✐
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+
2∑
l=1
B(x)
[
Y k,l(N l) + Zk,l(N l) exp(µ)
]
, Ck(x, t) = Ck1 (x, t) + Λ(P (x)),
Ck1 (x, t) = (cij(x, t)), Vk(x, t) = col(vk1, vk2, ..., vkn),
Y k,l(N l) = col(Y k,l1 (N
l), Y k,l2 (N
l), ..., Y k,ln (N
l)), Zk,l(N l) = (zk,lij (N
l)),
Ψ(t) = (ψ1(t), ψ2(t), ..., ψn(t)), B(x) = (b1(x), b2(x), ..., bn(x)),
exp(µ) = col(exp(µ1), exp(µ2), ..., exp(µn)).
or in coordinate form:
(4.1) uk(M) =
n∑
i=1
vk,i(x, t)ψi(t) +
2∑
l=1
n∑
i=1
y
k,l
i (N
l
i )bi(x)+
+
n∑
i,j=1
{
cki,j(x, t)ψi(t) +
2∑
l=1
z
k,l
i,j (N
l
i )bi(x)
}
exp(µj) +
n∑
i=1
pki (x)ψi(t) exp(µi).
The vector functions bi(x), ψi(t) included in these classes are eigenfunc-
tions of the matrices A(x) and D(t), respectively:
(4.2) A(x)bi(x) = λi(x)bi(x), D(t)ψi(t) = βi(t)ψi(t), i = 1, n.
Moreover, according to condition 1), they are smooth of their arguments.
Along with the eigenvectors bi(x) and ψi(t), the eigenvectors b
∗
i (x), ψ
∗
i (t), i =
1, n of the conjugate matrices A∗(x), D∗(t) will be used:
A∗(x)b∗i (x) = λ¯i(x)b
∗
i (x), D
∗(t)ψ∗i (t) = β¯i(t)ψ
∗
i (t)
and they are selected biorthogonal:
(
bi(x), b
∗
j (x)
)
= δi,j,
(
ψi(t), ψ
∗
j (t)
)
= δi,j, i, j = 1, n
where δi,j is Kronecker symbol.
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We calculate the action of the operators T0, T1, Lξ, Lx on the function
uk(M,ε) from (4.1), taking into account relations (4.2) and
ϕ
′2
i,l(x) =
1
λi(x)
, i = 1, n
we have:
(4.3) T0uk(M) ≡
n∑
i=1
2∑
l=1
{
∂τy
k,l
i (N
l
i )− ∂2ξi,lyk,li (N li )+
+
n∑
j=1
[
∂τz
k,l
i,j (N
l
i )− ∂2ξi,lzk,li,j (N li )
]
exp(µj)
}
bi(x);
or vector form
T0uk(M) ≡
2∑
l=1
B(x)
{
∂τY
k,l(N l)− ∂2ξlY k,l(N l)+
+
[
∂τZ
k,l(N l)− ∂2ξlZk,l(N l)
]
exp(µ)
}
Y k,l(N l) is n- vector, Zk,l(N l) is n× n - matrix.
Here B(x) is a matrix function (n× n) whose columns are the eigenvec-
tors bi(x) of the matrix A(x). We calculate
T1uk = t∂tuk +
n∑
j=1
βj(0)∂µjuk −D(t)uk =
t
n∑
i=1
{[
∂tvk,i +
n∑
r=1
αr,i(t)vk,r(x, t)
]
ψi(t) +
2∑
l=1
∂ty
k,l
i (N
l
i )bi(x)+
(4.4) +
n∑
j=1
[(
∂tc
k
ij(x, t) +
n∑
r=1
αri(t)c
k
r,j(x, t) + αji(t)p
k
j (x)
)
ψi(t)+
+
2∑
l=1
z
k,l
ij (N
l
i )bi(x)
]
exp(µj)
}
+
+
n∑
i,j=1
βj(0)c
k
ij(x, t)ψi(t) exp(µj) +
n∑
i=1
βi(0)p
k
i (x)ψi(t) exp(µj)+
✐✐
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+
2∑
l=1
n∑
i,j=1
βj(0)z
k,l
i,j (x, t)bi(x) exp(µj)−
−
n∑
i=1
{
βi(t)vki(x, t)ψi(t) +
2∑
l=1
n∑
r=1
γr,i(x, t)y
k,l
i (N
l
i )bi(x)
}
−
−
n∑
i,j=1
βj(t)c
k
i,j(x, t)ψi(t) exp(µj)−
n∑
i=1
βi(t)p
k
i (x)ψi(t) exp(µi)−
−
2∑
l=1
n∑
i,j=1
n∑
r=1
γr,i(x, t)z
k,l
r,j(N
l
i )bi(x) exp(µj)
here αi,r =
(
ψ
′
i(t), ψ
∗
r (t)
)
, γi,r(x, t) = (D(t)bi(x), b
∗
r(x)) .
It will be shown below that the scalar functions yk,li (N
l) and zk,li,j (N
l) are
representable in the form:
y
k,l
i (N
l) = dk,li (x, t)y
k,l
i (ξl, τ), z
k,l
i,j (N
l) = ωk,li,j (x, t)z
k,l
i (ξl, τ).
Given these representations, we calculate:
(4.5) Lξuk(M) =
2∑
l=1
A(x)
n∑
i=1
{[
2ϕ
′
i(x)
(
bi(x)d
k,l
i (x, t)
)′
x
+
+ϕ
′′
i (x)
(
bi(x)d
k,l
i (x, t)
)]
∂ξi,ly
k,l
i (ξi,l, τ)+
+
n∑
j=1
[
2ϕ
′
i(x)
(
bi(x)ω
k,l
i,j (x, t)
)′
x
+
+ϕ
′′
i (x)
(
bi(x)ω
k,l
i,j (x, t)
)]
∂ξi,lz
k,l
i,j (ξi,l, τ) exp(µj)
}
,
Lxuk(M) = A(x)
[
∂2x(Vk(x, t)) +
2∑
l=1
∂2x
(
B(x)Y l,k(N l)
)
+
+∂2x
(
Ψ(t)Ck,0(x, t)
)
exp(µ) +
2∑
l=1
∂2x
(
B(x)Z l,k(N l)
)
exp(µ)
]
.
Satisfy the function (4.1) of the boundary conditions from (3.3)
(4.6) yk,li (N
l
i )|t=τ=µ=0 = 0, zk,li,j (N li )|t=τ=µ=0 = 0,
✐✐
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ckii(x, 0) = −vk,i(x, 0)− pki (x)−
∑
i 6=j
ckij(x, 0),
y
k,l
i (N
l
i )|ξi,l=0 = dk,li (x, t), dk,li (x, t)bi(x)|x=l−1 = −vi(l − 1, t)ψi(t),
z
k,l
i,j (N
l
i )|ξi,l=0 = ωk,li,j (x, t),
ω
k,l
i,j (x, t)bi(x)|x=l−1 = − [ci,j(l − 1, t) + pi(l − 1)]ψi(t).
In general form, the iterative equations (3.6) are written as
(4.7) T0uk(M) = hk(M).
Theorem 4.1. Let hk(M) ∈ U and conditions 2), 3) hold. Then equation
(4.7) has a solution uk(M) ∈ U if the equations are solvable
(4.8) ∂τy
k,l
i (N
l
i )− ∂2ξi,lyk,li (N li ) = hk,li (N l) ≡ h¯i
k,1
(x, t)h¯k,1i (ξi,1, τ)
∂τz
k,l
i,j (N
l
i )− ∂2ξi,lzk,li,j (N li ) = hk,2ij (N l) ≡ h¯k,2ij (x, t)h¯k,2i (ξi,2, τ).
Proof. Let hk(M) =
∑2
l=1
∑n
i=1
[
h
k,1
i (N
l) +
∑n
j=1 h
k,2
ij (N
l) exp(µj)
]
bi(x) ∈
U . Pose (4.1) into equation (4.7), then, on the basis of calculations (4.5),
with respect to yk,li (N
l
i ), z
k,l
ij (N
l
i ), we obtain equations (4.8).
These equations, under appropriate boundary value conditions:
y
k,l
i (N
l
i )|t=τ=µ=0 = 0, yk,li (N li )|ξi,l=0 = dk,li (x, t)
z
k,l
i,j (N
l
i )|t=τ=µ=0 = 0, yk,li,j (N li )|ξi,l=0 = ωk,li,j (x, t)
Solutions are represented in the form
(4.9) yk,li (N
l
i ) = d
k,l
i (x, t)erfc
(
ξi,l
2
√
τ
)
+ h¯i
k,1
(x, t)I1(ξi,l, τ),
z
k,l
i,j (N
l
i ) = ω
k,l
i,j (x, t)erfc
(
ξi,l
2
√
τ
)
+ h¯ij
k,2
(x, t)I2(ξi,l, τ)
Ir(ξi,l, τ) =
1
2
√
pi
∫ τ
0
∫ ∞
0
h¯
k,r
i (η, s)√
τ − s
[
exp
(
−(ξi,l − η)
2
4(τ − s)
)
−
− exp
(
−(ξi,l + η)
2
4(τ − s)
)]
dηds, r = 1, 2,
where h¯k,ri (x, t), h¯
k,r
i (η, s) are known functions.
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Evaluation of the integral
|Ir(ξl)| ≤ c exp(−ξi, l
2
8τ
).

Theorem 4.2. Let conditions 1) -4) be satisfied, then equation (3.6) under
additional conditions
1) uk|t=µ=τ=0 = 0, uk|x=l−1,ξi,l=0 = 0, l = 1, 2;
2) −T1uk − ∂tuk−2 + Lxuk−4 ∈ U2 ⊕ U4;
3) Lξuk = 0,
has the unique solution in U .
Proof. Satisfying the function uk(M) ∈ U with the boundary conditions from
(??) we obtain (4.6). Based on calculations (4.3), (4.4), (4.5) we have
−T1uk − ∂tuk−2 + Lxuk−4 = −t
n∑
i=1
{∂tVk,i(x, t)ψi(t)+
+
n∑
r=1
αri(t)Vk,r(x, t)ψi(t) +
n∑
r=1
αri(t)p
k
r (x)ψi(t) exp(µ)+
+
n∑
j=1
[
∂tc
k
ij +
n∑
r=1
αr,i(t)c
k
rj(x, t)
]
ψi(t) exp(µj)+
+
2∑
l=1

∂tyk,li (N l) +
n∑
j=1
∂tz
k
ij(N
l) exp(µj)

 bi(x)

−
−
n∑
i,j=1
ψi(t)c
k
ij(x, t) (βj(0)− βj(t)) exp(µj)−
−
n∑
i=1
ψi(t)p
k
i (x) (βj(0)− βj(t)) exp(µj)+
+
2∑
l=1
n∑
i=1


n∑
r=1
γir(x, t)br(x)y
k,l
i (N
l) +
n∑
j=1
n∑
r=1
γi,r(x, t)br(x)z
k,l
ij (N
l) exp(µj)

−
✐✐
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−
n∑
i=1
n∑
r=1
αr,i(t)p
k−2
r (x) exp(µr)ψi(t)−
−
n∑
i=1

∂tvk−2 +
n∑
r=1
αr,i(t)vr +
n∑
j=1
[
∂tc
k−2
ij +
n∑
r=1
αr,i(t)c
k−2
r,j (x, t)
]
exp(µj)

ψi(t)−
−
2∑
l=1
n∑
i=1

∂tyk,li (N l) +
n∑
j=1
∂tz
k,l
ij (N
l) exp(µj)

 bi(x)+
+A(x)
n∑
i=1

∂2xVk−4,i +
n∑
j=1
∂2x
[
ck−4ij (x, t) + p
k−4
i (x)
]
exp(µj)

ψi(t)+
+A(x)
2∑
l=1
n∑
i=1
∂2x



yk,li (N l) +
n∑
j=1
z
k,l
ij (N
l) exp(µj)

 bi(x)

 ,
αir =
(
ψ
′
i(t), ψr(t)
)
, γir(x, t) = (D(t)bi(x), b
∗
r(x)).
Providing the condition of Theorem 1, we set
(4.10) t
[
∂tVk +A
T (t)Vk
]
= −∂tVk−2 − LxVk−4(x, t),
t
[
∂tC
k +AT (t)
(
Ck(x, t) + Λ(P k(x))
)]
+
[
Ck(x, t) + Λ(P k(x))
]
Λ(β(0))−
(4.11) − Λ(β(t))
[
Ck(x, t) + Λ(P k(x))
]
=
= −∂tCk−2 −AT (t)
[
Ck−2 + Λ(P k−2(x))
]
+ Lx
[
Ck−4 + Λ(P k−4(x))
]
,
Equation (4.10) is solved without an initial condition and uniquely deter-
mines the function Vk(x, t) [Vazov]. Providing the solvability of equation
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(4.11) we set
Ck(x, t)Λ(β(0)) − Λ(β(t))Ck(x, t)|t=0 =
= −∂tCk−2 −AT (t)Ck−2(x, t)−AT (t)Λ(P k−2) + Lx(Ck−4)|t=0
AT (t)Λ(P k−2(x)) = [−∂tCk−2 −AT (t)Ck−2 − Lx (Ck−4(x, t) + Λ(P k−4(x)))]
or in coordinate form
ckij(x, t)|t=0 = −
1
βj(0) − βi(t)

∂tck−2ij +∑
r 6=j
αri(t)c
k−2
rj (x, t)− qij(x, t)


t=0
,
pk−2i (x) = −
1
αii(t)
[
∂tc
k−2
ii + αii(t)c
k−2
ii − qii(x, t)
]
t=0
,
where qij(x, t) is known functions included inA(x)∂
2
x
[
Ck−4(x, t) + Λ(P k−4(x))
]
.
On the basis of (4.5), condition 3), Theorem 2 is ensured if arbitrary
functions dl,ki (x, t)bi(x), ω
k,l
ij (x, t)bi(x) are solutions to the problems:
2ϕ
′
i,l(x)
(
d
l,k
i (x, t)bi(x)
)′
x
+ ϕ
′′
i,l(x)
(
d
l,k
i (x, t)bi(x)
)
= 0
d
l,k
i (x, t)bi(x)|x=l−1 = −vk(l − 1, t)ψi(t), i = 1, n
(4.12) 2ϕ
′
i,l(x)
(
ω
l,k
i,j (x, t)bi(x)
)′
x
+ ϕ
′′
i,l(x)
(
ω
l,k
i,j (x, t)bi(x)
)
= 0
ω
l,k
i,j (x, t)bi(x)|x=l−1 = −
[
ckij(l − 1, t) + pi(l − 1)
]
ψj(t).
Thus, arbitrary functions dl,ki (x, t), ω
k,l
ij (x, t), vki(x, t), c
k,l
ij (x, t) included
in (4.1) are uniquely determined.

5. Solving iterative problems
Iterative equation (3.6) for k = 0, 1 is homogeneous; therefore, by Theorem 1,
it has a solution uk(M) ∈ U if the functions yl,ki (N li ), zl,ki,j (N li ) are solutions
✐✐
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of the equations.
∂τy
k,l
i (N
l
i ) = ∂ξ2i,ly
k,l
i (N
l
i ),
∂τ z
k,l
i,j (N
l
i ) = ∂ξ2i,lz
k,l
i,j (N
l
i ).
for boundary value conditions
y
k,l
i (N
l
i )|t=τ=0 = 0, yk,li (N li )|ξi,l=0 = dk,li (x, t),
(5.1) zk,li,j (N
l
i )|t=τ=0 = 0, zk,li,j (N li )|ξi,l=0 = ωk,li,j (x, t),
From this problem we find
y
0,l
i (N
l
i ) = d
0,l
i (x, t)erfc
(
ξi,l
2
√
τ
)
,
z
0,l
i,j (N
l
i ) = ω
0,l
i,j (x, t)erfc
(
ξi,l
2
√
τ
)
.
The functions d0,li (x, t), ω
l,0
i,j (x, t) are determined from problems (4.12), which
ensure that condition Lξu0 = 0. is satisfied. Using calculations (4.4), the free
term of iterative equation (3.6) at k = 2 is written as
F2(M) = −T1u0(M) + f(x, t)
by Theorem 1, an equation with such a free term is solvable in U if
t
n∑
i=1
{[
∂tv0,i(x, t) +
n∑
r=1
αri(x)v0,r(x, t)
]
− βi(t)v0,i(x, t)
}
= f(x, t)
t
n∑
i,j=1
{[
∂tc
0
ij(x, t) +
n∑
r=1
αri(t)c
0
rj(x, t)
]
+ αji(t)p
0
j(x)
}
+
(5.2) +
n∑
i,j=1
[βj(0) − βi(t)] c0ij(x, t) +
n∑
i=1
[βj(0) − βi(t)] p0i (x) = 0.
From (5.2) we uniquely determine c0i,j(x, t) = 0, ∀i 6= j and the function
c0i,i(x, t) is determined from the equation
t
[
∂tc
0
ii(x, t) + αii(t)c
0
ii(x, t)
]
+ (βi(0) − βi(t)) c0ii(x, t)+
✐✐
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+ [βi(0) − βi(t)] p0i (x) = 0
under the initial condition
c0ii(x, 0) = −v0,i(x, 0) − p0i (x).
The first equation from (5.2), by virtue of condition 2), has a solution satis-
fying the condition [Vazov]
∥∥v0(x, 0)∥∥ <∞.
We calculate the free term of equation (3.6) at k = 3
F3(M) = −T1u1,
which has the same view as T1u0. Providing the solvability of equation
T0u3 = −T1u1 in U , with respect to c1ij(x, t), v1i(x, t) we obtain equations
(5.2).
In the next step (k = 4), the free term has the view
F4(M) = −T1u2 − ∂tu0 + Lξu1.
The functions d1,li (x, t), ω
1,l
i,j (x, t) entering the u1(M) provide the condition
Lξu1 = 0. Providing the solvability of the iterative equation at k = 4, we set
t
[
∂tv2i(x, t) +
n∑
k=1
αki(x)v2k(x, t)
]
− βi(t)v2i(x, t) = −∂tv0i(x, t).
For c2ij(x, t), we obtain the same equation of the form (5.2), but with the
right-hand side ∂tc
0
ij(x, t) +
∑n
k=1 αki(x)
(
c0kj(x, t) + αji(x)p
0
j(x)
)
.
Taking off the degeneracy of this equation as t = 0, we set p0i (x) =
− 1αii(t)
[
∂tc
0
ii + αii(x)c
0
ii
]
t=0
.
Further repeating the described process, using Theorems 1 and 2, se-
quentially determining uk(M), k = 0, 1, ..., n, we construct a partial sum
(5.3) uεn(M) =
n∑
k=0
εk/2uk(M).
✐✐
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6. Estimate for the remainder
For the remainder term
Rεn(M) = u(M,ε) − uεn(M) = u(M,ε) −
n+1∑
k=0
εk/2uk(M) + ε
n+1
2 un+1
we get the problem
L˜εRεn(M) = ε
n+1
2 gεn(M),
Rεn(M)|t=0 = Rεn|x=l−1 = 0, l = 1, 2.
By narrowing in this problem by means of regularizing functions. Following
[Hartman], passing to Euclidean norms, we obtain a problem that is limited
by the maximum principle
(6.1) ‖Rεn(x, t, ε)‖ < cε
n+1
2 .
Theorem 6.1. Let condition 1) -4) be satisfied. Then the restriction of the
constructed solution (5.3) is an asymptotic solution to the problem (??), i.e.
∀n = 0, 1, ... the estimate (6.1) holds at ε→ 0.
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